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UNIVERSAL FORMULAE FOR
SU(n) CASSON INVARIANTS OF KNOTS

HANS U. BODEN AND ANDREW NICAS

ABSTRACT. An SU(n) Casson invariant of a knot is an integer which can be
thought of as an algebraic-topological count of the number of characters of
SU(n) representations of the knot group which take a longitude into a given
conjugacy class. For fibered knots, these invariants can be characterized as
Lefschetz numbers which, for generic conjugacy classes, can be computed using
a recursive algorithm of Atiyah and Bott, as adapted by Frohman. Using
a new idea to solve the Atiyah-Bott recursion (as simplified by Zagier), we
derive universal formulae which explicitly compute the invariants for all n. Our
technique is based on our discovery that the generating functions associated
to the relevant Lefschetz numbers (and polynomials) satisfy certain integral
equations.

INTRODUCTION

A knot in a closed oriented 3-manifold is said to fibered if its complement fibers
over the circle. For a fibered knot K and « € SU(n), the SU(n) Casson invariant
of K, denoted by A, o(K), is an integer which can be thought of as an algebraic-
topological count of the number of characters of SU(n) representations of the knot
group which take a longitude into the conjugacy class of «. (For a more detailed
description of these invariants, see [8l [2] in case K is fibered and [9, [0] in the
general case.) For generic @ € SU(n), including all generators of the center of
SU(n), there exist homogeneous polynomials py (o, %2,...,%2n—2) (depending
only on the conjugacy class of «) of degree n — 1 such that, for any fibered knot K,

AnalK) = poa (Ax(1), A1), ..., A2 (1),

where Agj) (1) is the 2j-th derivative at t = 1 of Ak (t), the (balanced) Alexander
polynomial of K. In this paper, we present an explicit calculation of p, ,, for all n,
where w is €2™/™ times the n x n identity matrix. For generic a € SU(n), pp.o is
determined from p,, ., via the “wall-crossing” formulae of [2]. Thus computing p;, ,
is an important step in the general calculation of A, o (K).

Given any knot K, there is a unique polynomial called its Conway polynomial

and denoted by Vg (z), such that Vg (t'/2 — t=1/2) = Ag(t). Since the Conway
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and Alexander polynomials carry equivalent information, there exist polynomials
Qn,a(y07 Y2, ... 7y2n72) such that

)\n,a(K) = Qn,oz(co; 027 ce aCQn—Q)

for any fibered knot K with Conway polynomial Vg (z) = Y ,o,C22%. (It is
well-known that for knots, V() is a polynomial in 22.) The formula for g, , is
independent of K, so these polynomials give universal formulae for the invariants
Ana-

For o = w and n < 5, a remarkable cancellation occurs, revealing that ¢y ., is not
only homogeneous but also weighted homogeneous of weighted degree 2n — 2, where
y2; has weighted degree 2i. In Conjecture 1.9 we assert that this is true for all n
provided o = w. Consequently, in computations of g, ., one can drop all terms of
lower order, which has the effect of making general computations of the universal
formulae possible.

For a € SU(n), let m, be the Euler characteristic of its conjugacy class. (Note
that m, is a positive integer for all a € SU(n).) The wall-crossing formulae of [2]
imply that for generic o, 8 € SU(n), Mq gn,a — M3 ¢n,p has weighted degree strictly
less than 2n—2. Thus the weighted homogeneous part of m%lqn,a of highest weighted
degree, denoted by v, (yo,y2,- .- ,Y2n—2), is independent of (generic) a € SU(n).
Even in the absence of Conjecture 1.9, our results give a complete computation of
those terms in the universal polynomials which are invariant under wall-crossing.

Using Zagier’s summation formula [15] for solving the Atiyah-Bott recursion [IJ,
we are able to express each coefficient of v, as an explicit sum of rational numbers
over the set of all compositions of n (i.e., ordered partitions of n). Since there are
27~! compositions of n, direct evaluation of these sums becomes impractical, even
for relatively modest values of n. To overcome this difficulty, a new method for
evaluating the sums is required.

Our technique is based on our discovery that certain generating functions ®(s,t)
associated to these sums satisfy integral equations of the form

fIJ(s,t)—l—/Ol @@(m,t}dm = f(s,t),

where y(s) = Y7, s" /b, for b, = 4"n!(n —1)! and f(s,t) is a given formal power
series in s and ¢.

Indeed, assembling the solutions to the Atiyah-Bott recursion into a generating
function ®(s,t), we prove that ®(s,t) satisfies the contour integral equation

(s, 1) + 75 p(sy)®(ty, Oin(z.v)dy = p(s),

where p(s) and n(z,y) are certain given power series and the contour integral is
taken over the unit circle in C.

The contour integral equation yields a new, highly efficient method for computing
the Lefschetz polynomials of certain self-maps of M, 1, the moduli space of rank n
degree 1 bundles over a Riemann surface. These maps are induced by orientation
preserving homeomorphisms of the surface with an open disk deleted. In particular,
this applies to the identity map of M, ; and thus provides a rapid method to
generate the Poincaré polynomials of M, ;.

Applying these techniques to integral equations of the first type, we are able
to determine v, for moderate values of n. Appendix [B] includes a table of v, for
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2 < n < 10 (the computation is due to Casson for n = 2, [B], and to Frohman for
n=3, ).

Stronger results are obtained whenever one can solve the integral equations in
closed form, which we have done in a number of instances. For example, the simplest
terms appearing in v, are the two monomials Anyg_ngn_g and Bnyg_l7 where

S S (25 — 1) 2

k k—1 ’
ni+-+ng=n Hi:l b"7 Hj:l (nj + nj'H)

(T) A, = 42712(_1)k+1
k=1

k i ;
Z [T [T, (25 — 1)?
k k—1 :
ni+-+nr=n Hi:l bnl Hj:l (n] + anFl)

In the above equations, b,, = 4™ n;!(n; — 1)! and the interior sums are over all
compositions of n into k parts. Solving the relevant integral equations allows us
to evaluate these sums for all n, and we prove that A,, = (27?:12)%, the Catalan
number, and that B, =1 (see Theorems[2.18§ and 2.5)).

More generally, we express each coefficient of v, as an explicit linear combination
of sums of the form

. [T [ o (2 = 1]
* 4 -1 k+1
) ;( ) m+.§k=n I bo, T2 (0 +y10)

where )¢ is a positive integer for £ = 1,... ,d such that A\ +- - -+ Ay < n. Although
these sums are apparently quite complicated, their evaluation is achieved by a
remarkably simple formula, and we conjecture that the expression in (x) equals 0
for A\ + -4+ Ag <n —1 and equals (2/\”\11)~~(2):\dd)nd*2 for i+ +X=n-1
(see Conjecture and, for a simpler formulation, Conjecture 2.19).

Two corollaries of Theorems [2.18 and 2.5 are stated in section The first
strengthens an earlier result of Frohman (Theorem 1.7 in [§]) on the existence of
irreducible SU(n) representations of fibered knot groups. The second presents a
simple formula for A, ,(K) in terms of Casson’s SU(2) invariant Az ., (K) for knots
K in 3-manifolds N with first Betti number b1 (V) > 0. These results do not depend
on the previously stated conjectures.

This paper is organized into three sections and two appendices. In the first sec-
tion, we describe our universal formulae and show how their computation can be
reduced to the evaluation of sums of type (). In the second section, we present
our integral equation technique for analyzing such sums and also explain how con-
tour integral equations yield a new algorithm for computing the relevant Lefschetz
polynomials. In the third section, we present two corollaries. Proofs of certain
combinatorial identities used in §2 are given in Appendix A. The polynomials v,
for 2 < n < 10 are tabulated in Appendix B.

(1) B, =4 (-1
k=1

1. UNIVERSAL FORMULAE

This section presents universal formulae determining the SU(n) Casson invariants
An,o(K) in terms of the Alexander (or Conway) polynomial of K for all fibered
knots K. After recalling the relevant definitions in §1.1 and the earlier results of
Frohman concerning the existence of polynomials p,, o in §1.2, we provide new direct
computations of p,, .« for n,d relatively prime and n < 5. Next in §1.3 we describe
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a change of variables leading to new polynomials ¢y, , which, though equivalent to
Dn,a, are given by much simpler formulae, at least for o = w (cf. Conjecture [[9)).
In §§1.4 & 1.5, we reduce the computation of g, ., to the evaluation of the sums
(*) from the introduction. This involves computing the weighted homogeneous part
of p,, ,a (which is independent of d provided (n,d) = 1), and deducing the weighted
homogeneous part v, of g, 4. The last part of §1.5 describes the coefficients of v,
as linear combinations of the sums (x), and §2 presents general methods to evaluate
such sums. For the purposes of §1, Conjecture provides a complete solution
determining v, for arbitrary n. Conjecture then asserts that ¢, ., = vy, allowing
one to recover p,, ., from just its weighted homogeneous part. Finally, we mention
that one could employ the wall-crossing formulae of [2] to determine p, o for all
generic a € SU(n), yielding universal formulae for A, o(K) for all fibered knots K.

1.1. Basic definitions. In this subsection we present a precise definition of the
SU(n) Casson invariants for fibered knots K in closed 3-manifolds N. Before doing
that, we introduce the notation for fibered knots and the classical knot invariants
given by the Alexander and Conway polynomials.

Suppose K is a knot in a closed oriented 3-manifold N.

Definition 1.1. A knot K C N is said to be fibered if there is an open tubular
neighborhood, 7(K), of K such that N \ 7(K) is homeomorphic to the mapping
torus of an orientation preserving homeomorphism ¢ : F° — F| where F is a
compact connected oriented surface with one boundary component, i.e.,

NA\T(K) = F x[0,1]/(x,0) ~ (p(z),1).

The mapping torus structure of N\ 7(K) is essentially unique; if N\ 7(K) is also
homeomorphic to the mapping torus of an orientation preserving homeomorphism
¢ : F' — F’, then there is an orientation preserving homeomorphism h : F — F’
and an isotopy between ¢ and h=! o ¢’ o h (for details, see chapter 5 of [4]). We
refer to ¢ as the monodromy map of the fibered knot K.

Definition 1.2. (i) The balanced Alexander polynomial of a fibered knot K C
N is given by Ak (t) =t~ 9 det(id —te.), where ¢ : FF — F is the monodromy
map of K, g is the genus of F', and ¢, : H1(F;Z) — H;(F;Z) is the induced
map in homology.

(ii) The Conway polynomial of the fibered knot K C N is the unique polynomial
Vi (z) such that Vg (t1/2 —t=1/2) = Ak (t).

For N = S3, both (i) and (ii) coincide with the common definitions which are
usually given in terms of the Alexander module for (i) and in terms of skein theory
for (ii). In any case, V(z) is in fact a polynomial in 22 for knots K.

Now, we are almost ready to define the SU(n) Casson knot invariants for fibered
knots. These are given as Lefschetz numbers on representation varieties. We review
Lefschetz polynomials and Lefschetz numbers first, and then describe the relevant
representation varieties.

Definition 1.3. Given a space Y with the homotopy type of a finite CW complex
and a map f:Y — Y, the Lefschetz polynomial of the pair (Y, f) is defined by

> (=1) trace (H;(f) : H;(Y;Q) — H;(Y;Q) ¥,

i>0
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and the Lefschetz number of (Y, f) is the integer obtained by evaluating this poly-
nomial at ¢t = 1.

Let F' be a compact connected oriented surface of genus g with one boundary
component. Choose a basepoint b € JF. The fundamental group w1 (F,b) is a
free group on 2g generators. Let § € w1 (F,b) be the element determined by OF
and its orientation. For v € SU(n), define En,a to be the set of homomorphisms
p : m1(F,b)— SU(n) such that p(8) is conjugate to . The set R, o can be viewed
as a real algebraic subset of SU(n)?9, and thus acquires a topology. Define R,
to be the quotient of éma by the conjugation action of SU(n). An orientation
preserving homeomorphism h : (F,0F) — (F,0F) and a choice of a path from
the basepoint b to h(b) determines an automorphism hy : w1 (F,b) — w1 (F,b).
Precomposition with hy induces a map B Rn,a — Rn,a, which in turn induces
amap h* : R, o — Rn,a, and h* depends only the homotopy class of h as a map
of pairs. In particular, this process defines an action of the mapping class group,
mo(Homeo™ (F)), on R,, o, where Homeo™ (F) is the topological group of orientation
preserving self-homeomorphisms of F'.

Definition 1.4. Suppose that K C N is a fibered knot with surface F' and mon-
odromy map ¢ : I — F.
(i) Denote by Ly, o(t; K) the Lefschetz polynomial of the pair (R, q, ).
(ii) Define the SU(n) Casson invariant of K by setting A, o(K) = Ly o(1; K),
i.e., Apo(K) equals the Lefschetz number of the pair (R, q, ¢*).

The Lefschetz number of a map can be thought of as an algebraic-topological
count of the number of fixed points of the map; here, fixed points of p* correspond
to characters of SU(n) representations of the knot group of K which take a longitude
into the conjugacy class of a.

The following is a restatement of Proposition 1.2 of [§].

Proposition 1.5. If H(N;Z) is finite, then Ax(1) = |H1(N;Z)|. Otherwise,
Ak (1) =0.

Consequently, we shall be primarily interested in the case when K is a knot in a
rational homology sphere N.

1.2. Universal polynomials. This subsection gives a brief description of some
results of Frohman and serves as the starting point of our inquiry. Suppose K C NV
is a fibered knot of genus g in a rational homology 3-sphere N. For positive integers
d,n satistying d < n and (d,n) = 1, Theorem 3.14 of [§] establishes the existence
of homogeneous polynomials p,, ,a(Zo,Z2,... ,22,—2) of degree n — 1 such that
Anwi(K) is obtained by replacing x2; in p, ,a by A(I?])(l), the value of the 2j-
th derivative of the balanced Alexander polynomial of K at ¢t = 1. (Recall that
w = e?™/™ times the n x n identity matrix. In [8], Pnwa is denoted by p(n,d).)

Frohman showed in [8] that the Lefschetz polynomials L,, . (K;t) satisfy a mod-
ified version of the Atiyah-Bott recursion [I]. He also gave an algorithm, based on
solving this recursion, for determining the polynomials p,, ,« (see equation (ZI3)
in §2.2). By explicitly solving the recursion for n = 2 and n = 3, he computed p2 ,,
and p3 .

Zagier subsequently found a general method for inverting the Atiyah-Bott recur-
sion and derived a summation formula for its solution (Theorem 2 of [I5], see also
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Theorem in §2.2). Adapting Zagier’s result to Frohman’s modification of the
Atiyah-Bott recursion yields the following formula for the Lefschetz polynomials
and (f,; K)

Before presenting this formula, we need to introduce some notation. For n > 0,
set c(t) = t9Ak(t), the unbalanced Alexander polynomial, and
) 0. = =9 (t)c(3) - - - c(t2n1)

’ no (1 _t2)2,,,(1_t2n—2)2(1_th)'
For any a € R, let (a) = [a] — a + 1 be the unique b € (0, 1] such that a + b € Z.
Define also

E

-1
(1.2) M(ny, ... ,ng;s) = (ni + nip1){(n1 + -+ + ny)s).

i=1

The following proposition is proved by combining Proposition 2.1 of [§] with
Theorem 2 of [15].

Proposition 1.6. If K is a fibered knot of genus g and (n,d) = 1, then the Lef-
schetz polynomial L, ,4(t; K) equals

tn (g 1)(1 o t2 zn: Z (_1)k71t2M(n1,...,nk;d/n)in L an

C(t) T en (1 _t2n1+2n2)...(1 —t2nk—1+2nk) )
1 k=

where the interior sum is over all compositions of n into k parts.

Note that A, ,a(K) = L, ,a(1; K) but that the rational expressions in the sum-
mation formula for L, ,a(t; K) have poles of order 2n — 2 at ¢ = 1. Thus, to
determine the polynomials p,, ,a, one must apply L’Hopital’s rule 2n — 2 times.
Table [I] summarizes the known results. The cases n = 2 and n = 3 are due to
Casson and Frohman, respectively; the other cases are new. Since p,, ,a = p;, n-d
(because of ‘duality’), these are complete results for n < 5.

TABLE 1. The polynomials p,, .« for 2 <n <5

1
P2,w 522
1 1,2
P3,w T5L0T4 — ToT2 + T35
1,2 5.2 2 7 7. .2 1.3
Daw T %0%6 — gT5Ta + DI[T2 + JgToT2Ty — ToTZ + 3T

1,3 7 91 .3 3 11,22 , 13 .2
D5w | 38g0%0%8 — @moxﬁ + 5330374 — 562522 + S552571 + w50 T0%2%6

25 .2 2 1.4
—15TpT2T4 + 68 xOmQ + x0m2x4 — 2x075 + 1622

1,3
D5.w? | 3350L0%8 — 360370376 + 2 a:oa:4 - 543:03:2 + 576 a:oa:4 + 7203:0332336

_ 49 1
m%mgm 4 & xOmQ + x0m2x4 — 2wox3 + Ex%.

1.3. Conway coordinates. In this subsection, we make a change of variables
which corresponds to replacing the Alexander polynomial Ag(t) by the Conway
polynomial Vg (z). By its very definition, Ak (t) determines V k(z) and vice versa.
This is made precise in the following result.
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Proposition 1.7. Suppose that a knot K in a closed 3-manifold N has Alezander
polynomial A (t) = ao + > 7_, a;(t +t77). Then its Conway polynomial Vi (2)
equals

ao+22a1+ZZ<J+k_1)Jajk

k=1j=k

Proof. We first solve for the polynomials P, such that P,(z) = t" 4+ t=", where
z = t1/2 — =12 Tt is straightforward to see that these satisfy the recursion

R(z) = 2, P2) = 242,
Poii(2) = (Z242)P,(2) = Po1(2), n=12,....

Using the formula

n+1 n+k

k n—k+1

_omn n+k—2 +2_n n+k-—1 _n—l n+k—2
T k—1\n—k+1 k n—k E \n—k—-1)’

one can verify directly that

by showing that, defined this way, P,, satisfy the recursion. Inserting this explicit
formula for P,(z) into Vi (z) = Ak (t) = ap+ Z?Zl a; Pj(z) and interchanging the
order of summation, we obtain the statement of the proposition. O

Define variables yg,y2, ... ,Y2n—2 SO that yo represents the 2k-th coefficient of
the Conway polynomial, i.e., so that V(I?k) (0) = (2k)!yak. Using the inequality
d%
dt?

together with Di Bruno’s formula for the Bell polynomials (§2.8 in [14]), it follows
that

Toj = A@J)( 1) = VK(t1/2 _1571/2)7

LT ()

where
d’ 1/2 1/2 1. n =
— — _ n— N
5= o (1 -t )t_1 = (1" g H(21_1),
= =1
and where the interior sum is over all 41, ... ,f2; > 0 such that ¢; +---+/{2; = k and
01+ 205+ -+ +2jo; = 25 (as multisets, these are just partitions {14,...,(2j)%i}

of 25 into 2k parts; see §5.1 for an explanation of this notation).

By making the above change of coordinates to rewrite the polynomials p, , in
terms of Yo, Y2, . . . , Yan—2 and calling the result g, o, we now see that the following
result is a direct consequence of Theorem 3.14 of [§], as extended in [3].
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Corollary 1.8. Suppose o € SU(n) is generic. There exist homogeneous polyno-
mials qn,a (Yo, Y2, - - - , Yan—2) of degree n — 1 such that, for any fibered knot K with
Conway polynomial Vi (z) = ;50 Caiz?,

)\n,a(K) = Qn,a(CO; CQ; ce 702n72)~
Table Blis obtained by applying Proposition 7] to our previous computations of

Pn,wa-

TABLE 2. The polynomials gq,, .« for 2 <n <5

q2,w Y2
3.0 2yoys + Y3
Q4w 5y2ye + Tyoy2ys + ¥

@50 14ydys + 26y2y2ys + 115242 + 16yoy2ys + v

G2 | 14y3ys + 26y5y2y6 + 11y3y3 + 16y0y3ys + v3

+2y3y2y4 + 293 s

Notice that this change of variables yields strikingly simpler formulae than before.
Notably, if we assign to y2; the weighted degree 2¢, then gy, ., is seen to be weighted
homogeneous for 2 < n < 5. We believe this is true for all n.

Conjecture 1.9. ¢, o (Y0, Y2, --- ,Yan—2) is weighted homogeneous for all n > 1.

It is not generally true that ¢, o is weighted homogeneous for ov € SU(n).

In all our computations, the coefficients of ¢, ,« are integers. Moreover, the
coefficients of g, ., are all positive integers. We ask if these statements are true in
general.

Question 1.10. 1. Is it true that g0 € Z[Yo, Y2, .. ,Y2n—2] for all n and all
generic o € SU(n)?
2. Are the coefficients of ¢y, ., always positive integers?

Remark 1.11. Viewing g, as a map from Q" to Q, it follows that g, takes the
integer lattice Z™ to Z. This is easily demonstrated by interpreting gn o (k1, ... ,kn)
as the Lefschetz number of the fibered knot K with Conway polynomial Vg (z) =

3, kn 2"

1.4. The weighted homogeneous part of p, ,« and enumerative sums. In
the next subsection, we shall assume Conjecture [[L9and derive a formula for gy, ,, in
terms of certain sums. In this subsection, we determine a formula for the weighted
homogeneous part of p,, ,« and observe that this is vastly simpler to compute than
all of p, ,a. The general idea is to apply L’Hopital’s rule 2n — 2 times to the
summation formula for Emwd(t; K), which is the balanced polynomial associated
to L, ,a(t; K) of Proposition [LB. Exploiting the fact that we only care about
the terms in p,, .« of highest weighted degree, we are able to perform what would
otherwise be an unreasonably complicated calculation.

Sample calculations of p, ., for n = 2 and n = 3 can be found in [8], and the
material here assumes some familiarity with those techniques. We only explain
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those features relevant to the more general calculation. It was observed in [8] that
the formula for the balanced Lefschetz polynomial

Lyt K) =t 390 Rsd (1K)

is nearly identical to the formula given in Proposition [Lf except that it is inde-
pendent of the genus g. Specifically, letting ¢é(t) denote the balanced Alexander
polynomial of K (so &(t) =t 9¢(t)), it follows from (1) that
0. 7 E()E(t3) - - - E(t2n L)

no (1—12)2... (1 — 2n=2)2(1 — th)'
Since dim R,, ,a = 2(n* — 1)(g — 1), we see from Proposition [0l that
1 —t2 z": Z (_1)k—1t2M(n1,...,nk;d/n)—lin an

(1 _ t2n1+2n2) R (1 _ t2nk—1+2nk) ’

Ly oat: K)

k=1ni+--+nrg=n

where M (ny, ... ,ng; d/n) is as defined in equation (2.
Now for some general comments. Suppose that I is an index set and that

sz

’L

where E(t) and the p;(t),i € I, are Laurent polynomials which are analytic at
to, and where ¢;(t), ¢ € I, are polynomials with zeroes of order m at t,. Writing
qi(t) = (t — t9)™q;(t) and noting that g, (¢o) # 0, we observe that

> i ]]a;®) / m! [ (to).

t=to jecr JEI icl
A

(13) L(to) =

dtm

We are interested in using this to evaluate En,wd(t; K)att=1,so0let
I={n=m01,...,nk) | k>1, n1+ - +n,=n}
be the set of all compositions of n, and define

(1.4) pﬂ(t) _ ( 1)k 1t2M(nd/n) 1 1HH t2] 1

ﬁﬁﬂﬂﬁ<v%%ﬂ[nixn%%ﬁmMﬂ
(1 —2) [T, (1 — 2m) '

Notice that p,,(t) is indeed a Laurent polynomial and is analytic at ¢t = 1, and that
qn(t) € Z[t] has a zero of order 2n — 2 at t = 1. Writing ¢, (t) = (£ — 1)®"2q,(t), it
is straightforward to verify that

k —
(1.6) 7,(1) = 22" [ il (ni — H nj +njy1).
=1 j=1

(1.5) W(t) =

To determine En’wd(l; K) using (L3J), we compute

d2n—2

(L.7) dt2n—2 an H am(t) / (2n —2)! H n(1).

=lper mel
m#n



3158 HANS U. BODEN AND ANDREW NICAS

For a fixed knot K, this allows one to determine A, (/). However, as Frohman
observes (see p. 137 of [§]), since the formula obtained is independent of the genus g
of the knot, one actually obtains a formula for A, ,4(K) in terms of the derivatives
of é(t) at t = 1 which is universal in the sense that it does not depend on K.

Although it is possible to compute ([L7) for certain restricted values of n, the
general computation appears intractable. For example, in the table of §1.2, the
results of computer calculations of p,, .« are listed. As n increases, the complexity
of this computation grows exponentially, making it impossible to directly determine
Pn.wd in general.

On the other hand, we are only interested in the weighted homogeneous part of
Pp,od Of highest weighted degree; thus we can ignore all terms of (L7) involving
fewer than 2n — 2 derivatives of p,(t). This means that, for our purposes, the
expression in (7)) simplifies to give
(1:8) > (d

nel

We are not claiming that (L8] equals En,wd(l; K), just that (L) can be used
to find the weighted homogeneous part of p,, .« of highest weighted degree. The
expression in (L) is still quite cumbersome to calculate, but notice that there is a
further simplification. To make this precise, we introduce the following definition.

pult)) /] (2n =2 7,(1).

t=1

Definition 1.12. Given a Laurent polynomial &(t), suppose

k
p(t) =TT e(us®) £i(0).

where u;(t), fi(t) for i = 1,... , k are polynomials. Then

m k
(19) LU EIED SIS | CRITOE

O+ <m i=1

where the sum is over all £ = (¢1,... ,¢;) € N¥ and where g; ,(t) are polynomials
depending on ¢;, f;(t),u;(t),i = 1,...,k, and their derivatives. For each term

Hle &) (ui(1))gie(t) of (LA), define its & order to be Zle ;.

Notice that for terms in (I39) of é-order m, we have g; ¢(t) = <£1 " Ek)fi (t).
We now introduce the index set B,,, defined for n = (n1,...,n,) a composition
of n by

Bﬂ: {(Za]) | 1<i<k, 1<j<n,, (Za]) 7é (171)}
(B, is just the Ferrers board associated to n with the block at (1,1) removed.)
Thus, we can rewrite (T4 as
(1.10) palt) = (~LF 1M TT (),
(,5)€Bn

Now use the basic derivative formula for products:

m Fk . . .
chf—mil:[lhi(t)_Z(h’”.,gk)il:[lhi (t),

where the sum is over all solutions to ¢; + --- 4+ ¢ = m in nonnegative integers
l1,...,lg. Taking m = 2n—2, applying the above to (LI0), and noting that we can
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drop any term of ¢-order less than 2n — 2, again because we only need the weighted
homogeneous part of p,, ,a of highest weighted degree, it is apparent that

n 2n —2 ;
;:m zpn(t) = (- 1)k 142M (n5d/n)—1 Z ( ng ) H (25 — 1)&:;’ é(eij)(tQJ—l)
Es) /) irés,
(1.11) + (terms of é-order less than 2n — 2),

where the sum is over all /;; € N satisfying E(i fep, tij = 2n—2 and where (2(?_)2)

indicates a multinomial coefficient.

By Proposition 1.4 of [§], since ¢(t) = ¢(t™1), it follows that any odd order deriv-
ative ¢2*1)(1) can be written as a linear combination of the even order derivatives
&(1),é"(1),...,é29(1). Keeping track of only those terms of é-order 2n— 2, we may
thus ignore any term from ([LIT) where ¢;; is odd for some (%, j) € By.

Evaluating (ILTT) at ¢ = 1 and dropping these irrelevant terms, we are left with

d2n 2 N k 1 2n—2 . i (2k1)
qizn— Sz Pu(t) — Z( 2>\ij)) H (27 _1) 7o)

(6.5)€Bn
(1.12) + (terms of é-order less than 2n — 2)
+ (terms of odd order derivatives of ¢(t) at t = 1),
where \;; € Nsatisfy >°; »cp Aij =n—1.
Finally, we obtain a formula for the weighted homogeneous part of Pnwd DY

replacing &%) (1) by 29, in (I.12)), dividing by (.6) and summing over all n. Setting
be = 4%0!(¢ — 1)!, we deduce that the weighted homogeneous part of Pn,wd equals

2 2 . Nii
k=1 ni4-4ng=n ( - )' Hf:l an Hf;ll (nj + anrl)

The monomial terms of (LI3) are indexed by partitions of n — 1 determined by
(Aij). Writing A = (A1,..., Aq) for the partition obtained from ();;) by removing

all occurrences of 0 and setting xo) = x%”72d72x2)\1 -+ Tax,, We observe from (m)
that
Crz2) .
(1.14) Ppwd = Z ——— + (terms of lower weighted degree),
1) 1!

where the sum is over partitions (A1,...,Aq) of n — 1, which we have written
as {1%,...,(n — 1)1} in multiset notation (see the beginning of §1.5 for an
explanation of this notation), and where C) is given in Definition [.T3.

If d is a positive integer, denote elements ((i1,j1),- .. , (id,ja)) € B2, the d-fold

Cartesian product of By, by (4, j), where i = (i1,... ,iq) and j = (j1,...,ja). Let
AL ={(i,j) € B | (ik, jr) = (i, je) for some k # £}

be the large diagonal subset of Bg and set OBg = Bg \ Ai. With respect to the
obvious Sy action, Ag is an invariant subset.

Definition 1.13. Suppose that A = (A1,...,As) is a partition of n — 1. Set by =
4401(¢ — 1)! and define

n
ax(n)
(115) Ch= o= > (-DFF 3 R 1 )
(2>\1 2>\d ! k=1 n=(ni,... ,ng) Hi:l bnl Hj:l (n] + anrl)
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where the interior sum is over all compositions n = (nq,... ,ng) of n into k parts
and

ax(m)= > (21— DP (250 - 1P

(i,)€ °BZ

1.5. The weighted homogeneous part of ¢, ,«. Before proceeding, we intro-

duce some useful notation. Given a partition n = (ni,...,nx) of n, we may write
this as the multiset {14,...  n®}, where
(i) ¢; is the number of times i occurs in (nq,... ,ng),
(ii) i* means i,... i, repeated £ times (in particular i© = )), and
(iii) 61 + 202 + - -+ nl, = n.
Suppose that o € SU(n) has eigenvalues A1, ..., A\; of multiplicities ny, ..., ng.

It is elementary to see that the conjugacy class of o in SU(n) has Euler characteristic
given by the multinomial coefficient (m”nk) Define m,, = (m”nk) It follows
from the results of [2| B] that the weighted homogeneous part of ¢, o/mq, denoted
by vn (Yo, Y2, - - s Y2n—2), is independent of generic o € SU(n). Note that m « = 1,
and that w? is generic if and only if (n,d) = 1.

In this subsection, we derive a formula for each coefficient of v, (yo, Y2, - - . , Y2n—2),
the weighted homogeneous part of ¢, ¢, as a linear combination of the sums
p(A1,...,Aq;n) appearing in Definition The computation of v, is vastly
simpler than that of g, .. By the general results of §1.3, it follows that

x2j = (2§)y2; + (terms of lower weighted degree).

Thus, if A = (A1,..., Ag) is a partition of n—1 and if we denote by 2, the monomial
Y2202y \, -+ Yo, then v, is obtained from ([IZ) by replacing @2y by

(2)\1)! ce (2/\(1)!y2k-

Remark 1.14. As invariants of knots, v, and p, ,« do not appear to bear any
relationship to one another. In fact, considering how many terms were dropped
from En’wd(l;K ) in our calculations of the weighted homogeneous part of p,, ,q
(not to mention that (2i)lys; # 2;), Conjecture [LA seems to be quite miraculous.

Writing

_ CAY2x
Un (Y0, Y2y -+ s Yon—2) = E FarEEr—
il !

we see from ([LI5) that

(1.16) ey = 4f:(_1)k+1 Z Cl/\_(ﬂ)

k k—1 .
k=1 n=(mrr ) izt bni Iz (g +1541)

where ay(n) is given in Definition [CT3and b, = 4%0!(¢ — 1)! as before.

Ezamples. We relate (II6) to the summation formulae (1) and () for A,, and
B,, from the introduction.

(i) Suppose d = 1 and A = (n — 1). Then for any composition n = (nq,...,nk)
of n we have Al =0, and we see from Definition that

k  n;
ax(n) = =14y (2 —1)*" 2

i=1 j=1
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Thus, using (ICI6), the coefficient of y = 2y2,_2 in v, is given by

k n; . n—
4 - k1 1+ Y (2 - )
Cn-1) = Z(_ ) Z N G :
k=1 nit-tnp=n | Hj:l (nj +mnj41)

It will follow from Theorem I8 that the above sum equals A,, as defined in (7)
in the introduction, and moreover that this sum evaluates to give %(277:12), the
(n — 1)-st Catalan number.

(ii) Now suppose d =n — 1 and A = (1,...,1). Because B,, is a finite set with
n — 1 elements and because the set °B¥ consists of k-tuples of distinct elements of
B, it follows that, up to the action of the symmetry group S,_i, every element
of OB"~1 is equivalent to the (n — 1)-tuple obtained by listing each element of B,,
once. Thus,

ag,.ny = Y. @2a—1% (21 —1)°
(i,5)€°Br "
k n;
= (- [ ITei-v*
i=1j=1

and it follows that the coefficient of yg_l in v, is given by

YIS [ T (25— 17
n—1)!
k=1

k k—1 :
ni+-+nr=n Hi:l bnl Hj:l (n] + anFl)

This equals the sum for B,, as defined in (1) of the introduction, and in Theorem
we will evaluate this sum and prove it equals 1.

The evaluation of both sums in (i) and (ii) above involve the method of integral
equations. These methods apply more generally to the sums in the following defi-
nition, which are what one gets for (LI6) by replacing ° B¢ by the larger set B2 in
Definition [CT3l B B

Definition 1.15. For any A\ and for n a partition of n, define

(1.17) = Y - D™ (2 )P
(i,4)eBy
Define
n ax(n)
(1.18)  p(A1,... Aayn) =4 (=1)F >~ 2 T '
k=1 n=(ni,...,nk) Hi:l bn, Hj=1 (nj T anrl)

Notice that A is not assumed to be a partition of n — 1 in the above definition.
The following conjecture gives a formula for the evaluation of these sums assuming
that Ay +--- 4+ Ay < n — 1. The conjecture has been extensively verified, and will
be proved in the case d = 1 in the next section (see Theorem [ZIR).

Conjecture 1.16.

(B) - (Be)nt2 ifn+ et d=n—1,

p(A1,..., A g n) = _
0 M+ +Ag<n—1.
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We shall describe the coefficients ¢y of v, as linear combinations of p(A';n). Our
description is independent of Conjecture For ease of notation, simply write
p(A) for p(A;n) whenever Ay + -+ Ag = n — 1 (i.e., whenever X is a partition of
n—1).

In the special case where d = 1, then of course AZ = and p()\) = c\. However,
for d > 1 one must correct by subtracting the contribution to (LI8) made by those
terms in the diagonal A¢ in (CT7).

The argument proceeds by utilizing the principle of inclusion-exclusion as follows.
For an arbitrary set X, the d-fold product X? is “stratified” with respect to the

group action Sy, as we now explain. Given a partition d = (ds,... ,d,) of d, we
say that (z1,...,74) € X? has type d, if, up to reordering, x; = --- = x4,, and
T4, 11 =" = T4, +d,, and so on. Define the subsets Q¢ C X% by

Q¢ = {(21, ... ,xq) has type d}.

For example, Q{1"} = X7 and Q21"7"} = A9, the large diagonal subset of X<.
Clearly these sets are nested, in fact, Q¢ C Q¢ if and only if ¢ is a refinement of d.
We will write e < d whenever e is a proper refinement of d. Let

0nd — Qd\ U e
e>d
be the set of “pure” d type.
Let Hy be the stabilizer of Q4 with respect to the Sy action. Writing the partition
d as a multiset {1, ... d’}, one sees that Hy sits in the short exact sequence

(51)21 ><~~><(Sd)£d—>Hi—>Sz1 X - X Sp,

and is, in fact, a direct sum of wreath products of (S;)* and Sy, (it being understood
that (S;)¢ = {e}, the trivial group, whenever ¢ = 0). The order of Hy is therefore

[yl = (1) (@) aby! £

and its index is given by the following quotient:

d! d 1
1.1 _— = _—
(1.19) ha | Hy| (dl,... ,dr> 0ty

Now suppose X = B,,. Using this notation, stratify the large diagonal subset A%
of our d-fold Ferrers board B? into the sets denoted by Q¢ and °Q<. The strategy
is to correct our initial guess for ¢y by successively adding and subtracting terms
associated with these subsets.

For example, notice what happens to the summand of (ILIZ) for a typical term
(i,7) € B% in the diagonal. Taking (i1, 1) = (i2, jo), then the summand is the one
that arises in the power sum with A replaced by X = (A1 + A2, A3,... , Ag). More
generally if (ix, jx) = (i¢, je), then X is replaced by X', where

A/:(Ak'f')\b)\lv"'7X;a"'7>:\lv"'7)\d)'

The first approximation is to subtract off these associated power sums, and it will
prove convenient to do this in an Sg-equivariant way.

Definition 1.17. For d = (di,... ,d,) a partition of d and o € Sy, define

A = )‘U(d1+"'+dk_1+1) R /\U(ler"'erk)
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for k=1,...,r (we suppress the dependence of A on d and o). Set

pQ(Ah 7Ad) = Z p(A17 aAT)a
[a]ESd/HQ

where [o] denotes the coset of Hy in Sy represented by o.

Returning to the example where (ig,jx) = (i¢,je) for some k # ¢, the rel-
evant partition is d = (2,1,...,1) and the first approximation is to subtract
pa(A1, ..., Ag). This successfully subtracts all terms in the sum (I.17) coming from
904; however, it over-subtracts terms in QS whenever e < d, because Q¢ has a
different stabilizer group. B B

For a specific example, suppose d = 3,d = (2, 1) and e = (3). Because hg = 3, Q4
has three components intersecting in ¢. Subtracting pg from p(A1, A2, A3) over-
subtracts pe by a factor of 3, and to compensate we need to adjust by adding back
2pe.

We continue this procedure, using the principle of inclusion-exclusion, which
explains the occurrence of the numbers a4 in Proposition [[I8 We work for the
moment with extended partitions, which are non-increasing sequences of positive
integers (p;) such that lim p; = 1. One may think of these as partitions of oo, two

11— 00

examples being (1°°) and (2,1°°) in multiset notation. There is a partial ordering
on these sequences given by refinement, and we write (p;) < (p}) if (p;) is a proper
refinement of (p}). For example, (¢,1°) < (¢/,1°°) if and only if ¢ < ¢'. For any
such p = (p;), there is a chain (1) = p/ < p” < --- < p = p, and we define
the level of p, denoted £(p), to be the maximal such ¢. For example, (¢,1°°) and
(2¢,1°°) both have level .

We now define integer-valued functions on the set {p = (p;)} of extended parti-
tions by setting

1 itp=0%),

ao(p) = { 0 if otherwise,

and defining a;41(p) in terms of a;(p) by
a;(p) if £(p) < j,

a+1(P) =3 4;(p) — > mppai(p) if 6p) > .
&%

Here, m,y, is the multiplicity with which p occurs in p’. Because putting a string
of ones at the end of d and e has no effect on the numbers m, 4 of Definition [20]
we may use that definition to define my ;, here.

Clearly, all terms of level ¢ are determined after ¢ iterations, and we claim that
a;(p) — ap as j — oo. This is the content of the following proposition.

Proposition 1.18. Suppose X is a partition of n—1 into d parts. For any partition
d=(dy,...,d.) of d, define ag = (dy — 1)!---(d, — D)/(=1)4*". Then

(1.20) Cx Zzagpg(/\h--- s Ad),
d

the sum being over all partitions of d.

The proof of the proposition rests on some well-known properties of Stirling
numbers of the first kind, which is illustrated in the following lemma.
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Lemma 1.19. Suppose d is a partition of d and hy is given by (LI9). If d > 1,
then Zd aghg = 0, the sum being taken over all partitions of d.

Proof. The standard results which this proof uses can be found in many introduc-
tory texts on combinatorics, e.g. §§3.2 and 3.3 of [I4].
Write the partition d as the multiset {1%,... ,d’} and notice that

d!
10 dlagy). . 4!

(—D)"aghy =

equals the number of cycles in Sy consisting of /1 1-cycles, ¢5 2-cycles, etc. It is a
well-known fact that the function defined by

fa(t) = Z Z aghg | t7

r=1 \d=(di,...,d,)

is the generating function for the Stirling numbers s(d, r) of the first kind (here, the
inside sum is over partitions of d into r parts). Thus fy(t) =t(t —1)---(t —d+ 1)
and fq(1) =0 for d > 1, which completes the proof. O

The proof of the proposition follows from the lemma, as we now explain.

Proof. We must show that, after performing the sum on the right-hand side of
(C20), terms in the diagonal A% do not contribute, i.e., the overall coefficient of
each and every summand term associated to the stratum °Q4 is zero whenever
d# (1,...,1). A given stratum Q£ contributes terms of d type if and only if e < d,
where we recall that e < d if e is a refinement of d. Hence we claim that

(1.21) > agmeq=0.

e<d

Here, m, 4 is the multiplicity of °Q< in Q2, and roughly it counts the number of
times a term of pure type d appears in De.- In order to define me,q precisely, we shall
need to make a subtle distinction between refinements and sub-partitions of d. We
denote the former by ¢ and the latter by d, where d = (d, ... ,d,.) is a sub-partition
of d=(dy,...,d,) (ie., d; is a partition of d; for each i =1,...,7).

The difference between refinements and sub-partitions is nicely illustrated by the
following example. Let d = (4,2), e = (2,2,1,1), and counsider d = ((2,2), (1,1))
and d = ((2,1,1),(2)). Both d and d are sub-partitions of d with underlying
refinement e, but they are not equal.

Write d ~ ¢ if d is a sub-partition whose underlying partition equals e.

Definition 1.20. (i) Define hy = hg, ---hq _ifd = (d;, ... ,d,) is a sub-partition
of d, where hg is defined in (L.19). B
(ii) If e < d, define meg = >, ha, the sum being over distinct ways of writing
€ as a sub-partition d. -

For example, taking as before d = (4,2), e = (2,2,1,1), d = ((2,2),(1,1)) and
d' =((2,1,1),(2)), then hg = () 3 =3 and hg = () = 6; hence mg g = 3+6 = 9.

2 E



UNIVERSAL FORMULAE FOR SU(n) CASSON INVARIANTS OF KNOTS 3165

Since ae = g, - g, whenever ¢ ~d = (dy,... ,d,), we obtain
§ QeMed = § E ad, -+ o, hd
e<d e<d d~e

= (D agha, || D agh | =0.
dy d,

The second set of sums is over all partitions d; of d;, and the last step follows from
the lemma. This proves the claim ([CZI)), and the proposition now follows. O

Computations of v, for 2 < n < 10 can be found in Appendix [Bl To rigorously
perform these calculations, we use the techniques of the next section to verify
Conjecture[1.16] in the relevant cases.

2. INTEGRAL EQUATIONS

In §§2.1 we introduce, in a general context, integral equation techniques for
analyzing sums of the form
n

Syt Y e

These ideas are extended in §2.2 to contour integral equations and then applied to
obtain an efficient new recursive algorithm for computing the Lefschetz polynomials
L, ,a(t; K). Strong results are obtained when the relevant integral equations can
be solved in closed form. By finding such a closed form solution, we show in
§2.3 that the sum B, (see (I) in the introduction) evaluates to 1 (Theorem [2.5).
Our approach to Conjecture requires that we obtain explicit solutions to a
certain class of integral equations (2:25); this is accomplished in §2.4. In §2.6
these solutions, together with some facts (see §2.5) concerning sums of powers of
odd numbers, are the main ingredients of the proof of Conjecture in the case
d = 1 (Theorem [2.18). In particular, we prove that the sum A, (see (f) in the
introduction) evaluates to the Catalan number %(27:’:12 .

Our development of the integral equations in §§2.1 and 2.2 is slightly more general
than we need. There, we consider an algebra .4 which need not be commutative.
It should be noted that a commutative algebra would suffice for the applications in
the sequel.

2.1. Generating functions and integral equations. Let A be a (not necessarily
commutative) algebra over a field of characteristic 0 and let A[Y7,...,Y;,] denote
the polynomial ring over A in the commuting variables Y7,...,Y;,. For p(y) =
Z?}:O a;y’ € Aly], define the formal integral

1 N
w
dy = ' e A.
/Op(y)y ;Hl

If f(t,y) = > 0" o Pn(y)t"™ is a formal power series in the commuting variable ¢ with
coefficients in A[y], define

[ st =3 ([ ).

n=0
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Given a sequence a, € A, n = 1,2,..., the associated generating function is the
formal power series in the commuting variable s:

o0
= g ans”
n=1

For k > 2, define a formal power series over Aly1,...,yr—1] in the commuting
variables s, t by

k—1

Vi(s, by, y—1) = (1 ye—1) " p(y19) H p(y;yi-1t) | p(yr-11)
j=2

o0
_ nitnz—1 ng—1+ng—1 gnign—n
= E g Uny G100 Y RANN

n=k ni+--+ng=n

The second sum is over all compositions of n into k parts.
Set ¢1(s,t) = p(s) and, for k > 2, define

1 1
(2.1) or(s,t) = // Vie(s,tsy1s - s Yk—1)dyr - - dyr—1
0 0
o0
S S

Note that ¢ (s,t) = fol %cﬁk_l(ty,t)dy for k > 1, and consequently, if we
define

(2.2) )= i Ve Lo (s, 1),

k=1

then ®(s,t) satisfies the basic integral equation

1
(2.3) ‘b(s,t)—i—/o @@(ty,t)dy = p(s).

From (27]) and (Z2) we have that

(2.4) (s, t) = Z (Z(_l)k—l Z kil?l SOy ) Snltn—n1> 7
n=1

k=1 ni+-4ng=n Hj:l (nj + nj+a

and thus

(S e

k=1 natomnen L= (M +nj41)

If O(s,t) = Y270 Y02, Aijs't/ satisfies the integral equation (Z3), then a com-
parison of the coefficients on both sides of (2.3) yields the following recursion for-
mula for the coefficients A;;:

(25) A'L'O = Qay, 1= 1,2,... 5

j71 A
2.6 Ay = —ap Yy L0 i > 0.
(2.6) ij zqzz:oj_q_’_z J
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Conversely, if A;; are elements in A defined by (2H) and (Z8), then ®(s,t) =
Do Y eg Aijs't is a solution to (Z3). Since ([Z3F) and (ZB) uniquely define the
A;;’s, this formal power series solution to ([Z3) is unique.

2.2. Contour integral equations. Let F be a field of characteristic 0, let F((x))
be the field of formal power series over F in the variable z and let A be a (not
necessarily commutative) algebra over F((z)). Define the formal contour integral

of a polynomial f(y) = EnN:1 any™ € Aly] b

Remark 2.1. We justify the terminology “formal contour integral” as follows. Con-
sider the series

1 oo
v 727Tzzvv—uk
k=0

in the complex variables u,v. This series converges uniformly on compacta in the
domain

Q={(u,v) €C? |v#£0, [u| <1, v£Au"k=0,1,...}.

Calculating residues, we obtain

and hence, by the residue theorem,

[e.¢]
1
n kn
741) n(u,v)dvfkg_ou =" an’ n=12,...

(contour integral over the unit circle).

Recall that, given a sequence @, € A, n = 1,2,..., the associated generating
function is the formal power series:

o0
p(u) = Z Qnu™.
n=1
For k > 2, define a formal power series over Afyi,... ,yr—1] in the commuting
variables s, t by
Vi(s,tsy1s oo yk—1) = p(y1s) H p(Y;yi-1t) | p(yr—11)

0o
_ nitnz—1 ng—1+ng—1 gnign—n
= > Qny - Quuyr 7y R

n=k nit-+np=n

The second sum is over all compositions of n into k parts.
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Set ¢1(s,t) = p(s) and, for k > 2, define

k—1
%' : '%Vk(sat;yla v 7yk71) H n(xvyj)dyl c 'dykfl
j=1

(2.7) = Z Z k_?"l'_' an v Mg

n=k nid-tng=n Hj:l(l ot )

%k(sv t)

Note that gk(s,t) = %p(sy)%k_l(ty,y)n(x,y)dy for k > 1, and consequently, if

we define

(2.8) )= (-1)F Loi(s,t),

k=1

then Ci(s, t) satisfies the basic integral equation
(29) Bs.0)+ f plsn) Bty )y = (o).
From (27) and ([Z8) we see that
(2.10)  O(s,t) = i (zn:(_m’fl > Dy 22 O s"lt"m) .
, n=1 \k=1 nittng=n Hf;l(l — gmitritn)

If O(s,t) = Sy E?io Ay;s'td satisfies the integral equation (ZH), then a com-
parison of the coefficients on both sides of ([2.9) yields the following recursion for-
mula for the coefficients A;;:

(2.11) Ao = Qi i=1,2,...,
-1 g
A _ ) J—4,9 .
(2.12) Ay = —Qi). Tt >0,
q=0

Conversely, if gij are the elements in A defined by (211]) and (Z12), then ®(s,t) =
Doy e Aijs't s a solution to (23). Since IT) and (2I2) uniquely define
the Zij’s, this formal power series solution to (2.9) is unique.

Let @, and Qp 4 (n > 0, d € Z/nZ) be elements of a not necessarily commutative
algebra over F((x)) which are related by

(2,13) de Z Z Z J)N(n1,... Ngidi,... ,dk)in .. ,an,

=1 ni+-+4ng=n di/n1>--->dg/n
Ayt tdp=d

where

N(’I’Ll,... ,nk;dl,... ,dk) = Z (dmj—djni).

1<i<j<k

A recursive formula of this type was given by Harder and Narasimhan [I1] (im-
plicitly, but made explicit in [6]) and by Atiyah and Bott [I] for computing the
Poincaré polynomials of the moduli space of semistable rank n, degree d holomor-
phic vector bundles over a given Riemann surface of genus g in the case when n and
d are relatively prime. Frohman showed [8] that the same recursion can be used
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to compute the Lefschetz polynomials L,, ,a(t; K) (cf. Proposition from §1.2)
when n and d are relatively prime. Explicitly, if @, and @, q are defined by

n?(1—
(2.14) Qua = % L un(t),
t° =9 (t)e(t3) - - - c(t2n1)
(1—12)2 - (1 — 2n-2)2(1 — 2n)’
where ¢(t) = t9Ak(t) is the (unbalanced) Alexander polynomial of K (this agrees

with () of §1.2), then, for z = t?, Q, and @, 4 satisfy (2I3).
Zagier discovered the following summation formula (Theorem 2 of [15]) for solv-
ing the recursion given by (213).

Theorem 2.2. For Q,, and Qn 4 as in (ZI13)
n M(”lwu,nk%d/n)Q Q
X n n
Qna = Z(_l)kil Z h—1 p -
k=1 ni+--+ng=n Hj:l (1 - xnj+nj+1)
where M(ny, ... ,ng;s) is defined as in equation (1.3) from §1.2.
Since M (n1,...,ng;1/n) =n —nq, for Q, and @, q as in [ZIJ), we have
n
_ "M Qp, - Qn
Qui = > (=Dt ) S :

)
k=1 ni+---+nr=n H]:1 (1 — xnj+nj+1)

(2.15) Qn =

and a comparison with (2:10) yields the following result.

Proposition 2.3. For Q,, and Qnq as in (Z13) and i(s,t) as in (Z10), we have
that

e ~
Zle u" = O(u,ux),
n=1

i.e., ®(u,ux) is the generating function for the sequence {Qn1 | n=1,2,...}.

In particular, this proposition can be applied to obtain an efficient new recursive
algorithm for computing the Lefschetz polynomials L,, ,a(t; K):

(1) Let Q.1 and @y, be given by (ZI4) and (ETH) respectively.
(ii) Compute ®(s,t) via the recursive formula given by (ZII) and (ZI2).
(iii) Obtain @, 1 as the coefficient of u™ in ®(u, ux).

2.3. Evaluation of sums via integral equations: An example. For n =
1,2, ... define the rational numbers 3, by

n 2n\ ?
ﬂn:@n-

p(t) = Z Bnt™.
n=1

Consider the formal power series

Then p(t) can be characterized in terms of hypergeometric functions; in fact p(t) =
iF(%, %, 2;t), where F'(a, b, ¢; t) is a power series solution to Gauss’s hypergeometric
differential equation ¢(1 — t)y” + [c — (a + b+ 1)t]y’ — aby = 0.
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We are interested in the integral equation

1
(2.16) <I>(s,t)+/ M‘I)(tx,t)dm = p(s).

0 x
Proposition 2.4. ®(s,t) = ﬁp(f:i) is the unique power series solution to

(Z18).

Before giving its proof, we observe the following consequence of Proposition 224]
which asserts that the sums denoted by B,, in (1) of the introduction evaluate to 1.

Theorem 2.5. Let b, = 4%k!(k — 1)!. Forn > 1,

n k n; .
4y (—nFt Y Mo o@i-b?

3 k—1
k=1 nidetng=n Hi:l bn, Hj:l (nj +mnj41)
Proof. By Proposition 24 and (2.4)),
o0 n
— ﬂnl e 671 4
DD Y et = (k) = .
n=1k=1 ni+-+np=n Hj:l (nj + nj+1) 4(1 o t)

The conclusion follows from the fact that

_ I, (212
bn = 4npl(n — 1)

O

Remark 2.6. We sketch a topological proof that B, from (}) of the introduction
(i.e., the sum considered in Theorem 2.8) equals +1, assuming Conjecture[.9 If K
is a fibered knot of genus 1, then Vg (2) = Cp + Ca22, where Cy = +1 and Co = 1.
Moreover, for (n,d) = 1, it follows that R,, ,a is connected and 0-dimensional, hence
just a point. Thus L,, ,a(t; K) = £1. Now Conjecture[I.9 implies that

+1 = M\ o(K) = v,(Co, C2,0,...,0) = B,Cy ' = B,.

Proof of Proposition [2.4 Expanding ®(s,t) = *5p (f:i) as a power series and

using the binomial theorem and the formula W = E;O:n (ﬁ)tk’”, we observe
that

Bs.t) i“%
- S (B () (£ )
ok k " .
(2.17) = gon;[;@(—l)"‘mﬁm«m)@)]sm+ =,

where the fourth line follows by making the substitution m =n — £.
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Substituting ¢ = m + 1 and j = k —m into (ZI7) shows that

‘I)(S, t) = i i AiJ'Sitj,

i=1 j=0

where A; ; is defined for i > 1 and j > 0 by the term in brackets in 2.17), i.e.,

R N
Aij = Z(—l) il . Br+1

n=t—1
J . L
_ e t+q—1\/1+5—1 ‘
(2.18) > (T () s
Now define ;11',]- for i > 1 and j > 0 by setting
/L‘,o = B
- o efi -1 ¢! Byi1
2.19 Aij = =By (1)1 o :
(2.19) I B )< q )(z’+1)--~(z’+q+1)

q=0

Lemma 2.7. (i) Fori>1andj>0, A, = ﬁi,j.
(i) Fori,j > 1, A;; satisfies the recursion

i1
A — —B; k' L Y
1,3 zqzz:o (Z ¥ j— Q)
First, observe that parts (i) and (ii) of the lemma establish the theorem, since (ii)
is exactly the recursion formula that the solution to (2:16) must satisfy. Moreover,
part (i) actually implies part (ii), as we now explain.
Part (ii) is equivalent to the statement that, for 4,5 > 1,

j—1 j—1 K Bri1 B ﬁj
kzo(_l)k< k )(i+1)...(i+k+1)_i+j_
Jj-1 Bi—q q—1_ lq—-1 .
(2.20) ;m<§( 1) ( r )(j—q+1)...(r+j_q+1)>.

Applying the method of partial fractions to 1/(x +1)---(z + k + 1), we see that
k

k!ﬁk_;,_l - s k ﬁk+1
(i+1)--(i+k+1) _g(_l) (s)ﬁ

Substituting this into the left hand side of (ZZ0), interchanging the order of sum-
mation, and equating coefficients of 1/(i+s+1) on the left with those of 1/(i+j—q)
on the right (so s = j —¢—1), we now see that (Z20) is equivalent to the statement
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that if 7 > ¢ > 0 then

> () (o)

. q_l_ ~fa—1 ! Bri1
(2.21) =Bi-¢ ) _( 1)< . )(j_q+1)~-~(r+j—q+1)'

(The 1/(¢ + j) term can be handled separately.) Comparing with (2I8) and (219,
we see that 22I) is equivalent to the statement that if j > ¢ > 0 then A;_,, =
A;_q.q- Thus (i) implies (ii).

It remains to prove part (i) of the lemma. If j = 0, this is obvious, and for j > 0,
define

(2.22) 2]: (‘7 - 1>Ai,k and = zj: (j - 1>&,k.
=1 =1

We prove (i) by showing that B, ; = = B j forall 4,5 > 0. From @19), we sce that

i k-1
B, = _gzj: k+q<J 1)<k—1> q! Byt
" z :1q=0 k=1 q Ji+1)---(i+q+1)
1 . .
qu k:q+1 ]_k G—g—D'i+qg+1)
it(j—1)!
= W@ﬁa-
The last step uses Zi:qﬂ(—l)’”q (j;zgl) = —0;_1.4, where & ; is the Kronecker

symbol. This formula is an easy consequence of the binomial theorem.
We claim that the same is true of B; j, i.e., we claim that

il(j—1)!

(2.23) Bij = L

——— B

This requires induction and is more difficult to prove.

Using (Z.I8)) and the identity ( ) = (qu) + (q 1) it follows that

R
- S (0
- 2er( G- (7]
(2.24) = S(—l)q (Z ti; 1) (j ; 1) (Bi+q = Birq+1) -
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Substituting (Z24) into (Z22) and using Identity [A] we obtain that

BB s

q=0
=1 J 1 it ko1 j e
N q=0 k:zq;d( Y Jrq< q > < i—1 ) (k o 1> (Bﬂrq 6Z+q+1)
i1 i1 j ko 1\ (g1
= (_1)(]( ) Z (_1)k< i1 ) (k o 1) (ﬁi-{-q - ﬁi-‘,—q-‘,—l)
=0 1 k=q+1 q
j—1 4 1
=3 (~1)7te <J > <z + q> (Bore— Bivonr).
q=0 q J

(Recall the convention that (}) = 0 if n < k.) Claim ([ZZ3) now follows directly
from Identity O

2.4. Methods for solving integral equations. Let b,, = 4"n!(n —1)! and define
the power series

J— — Zn
:gb_.

This series is given by the Bessel function y(u?) = —%.J; (4u). It will also be useful
to define

M(Z)Eﬁzz -

bn-{-l.

We will be interested in solving integral equations of the form

T

(2.25) q)(s,t)—i—/l M<I>(taz:,t)da: = f(s,t),
0

where f(s,t) is a formal power series in the variables s, t. We first consider the case

f(s,t) =~(s):
(2.26) D(s,t) —l—/l M‘I>(1fa:,1f)claz: = ~(s).
0

Proposition 2.8. The unique formal power series solution to the equation ([ZZ0)
is given by (s, t) = u(s —1t)s.

Proof. For ®(s,t) = pu(s — t)s the left side of ([2:26) is

u(s —t)s —l—t/o y(xs)u(t(x — 1))dx.

This expression is 0 when s = 0, and for k > 1 the coefficient of s*

(h=1)(_ 1
(2.27) M(T(l)'t) + i/o oF pu(t(z — 1))dz.
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Forn>1and k > 1,

k+n-—1 k+n—1)
<+Z )(k+n)bkbn = %(k+n)4kk! (k—1)! 4™n! (n —1)!
l'b
= gktn Il = 0 Ontk
(ktm)int =
and thus

(2.28) (ktn—-1)! n+w(k+n_1

—1
_ -1 _
bt brbn k ) (k+n)— =0.

The coefficient of ™ in (ZZ1), n > 1, is precisely the left side of the identity (Z2])
and is consequently equal to 0. Hence (ZZT) is equal to its value at ¢ = 0, namely
1/by, which coincides with the coefficient of s* in ~(s). O

The following result is another useful special case of (2:25).

Proposition 2.9. The unique formal power series solution to the equation

1
Pq(s,t)—l—/ ’ygs)Pq(tx,t)da: = s
0

is given by

a1 N (-D)"**2n—k—q—2)! n—1
(_1)4(]! Z Z b, (n_Q)!(n—k—]_—q)!< k

Proof. A comparison of coefficients shows that the series

t) = i i Aijsitj

i=1 j=0

) Sk-i-ltn—k—l.

as defined in the statement of the proposition satisfies the integral equation
P,(s,t) + fl W(xS)P otz t)de = s7if and only if the A;;’s satisfy the recursion

(2.29) A = by =12,
£,0 .
(2.30) Aij = b Z ] _j£+ 5 7 >0,

where 6,4 = 1 if ¢ = ¢ and d;4 = 0 otherwise. Observe that [2.29) is equivalent to
the condition P,(s,0) = s?, which is clearly satisfied. In the case 0 < j < g, it is
also easily seen that (2.30) is satisfied. When j > ¢, after dividing by (—1)94%¢!,
(Z30) becomes the assertion that

(1) 1(i+2j—q—1) (z +j- 1)
bivj i+ -G -t \ i—1

is equal to

1”2‘:1 “(g+£ g—1)! <j—1>
bi =2 b (= —G—L+)\j—L—1)
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This is equivalent to the assertion that

o ()R )

q

which is Identity O

Given a formal power series f(t) = > " a,t" and a non-negative integer p, the
p-th derivative of f(t), denoted by f®)(t), is the formal power series:

n=y

£=0

Z
alﬂ)

Proposition 2.10. P,(t,t) = 4%¢! t7u(a= Y (—¢).

Proof. By Proposition[Z9] P,(t,t) equals

= (-1)*(n—1) ! K2n —k—q—2)! n
174 (~1)74%! ) (b)(ni_q( Z n_q_1—k). (n—ql—)k)!k!>t'

n=q+1 =0

By Identity [A3]

n 1

zq: 2n —k—q—2)!
prs n—q—l—k). (n—1—k) k!

n

1

kz: <n - 1) <2n _nk—_lq - 2) 1

Pt = o+ g 3. D

n=q+1

and thus

t?’L

oo

() g- 1,
t? 4 49¢! t4 t
i ;::1 bergl!

e}

1y N
494! tqz( DV(eta=-Dly _ 49! 1901 (—p).
2 Tyl

(|
Consider a power series of the form f(s,t) => 2, Z;io F;s't7, which we write
as Yo, fu(t)s™, where fu(t) = 3202, Fojt!, n=1,2,....
Proposition 2.11. The solution to (Z28) is ®(s,t) = > | fu(t)Pu(s,t).

Proof. Let m be the maximal ideal of formal power series in the variables s, ¢ with
vanishing constant term. Since P,(s,t) € m™, n > 1, the expression ®(s,t) =
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oo fn(t)Pa(s,t) is valid as a formal power series; furthermore,

D(s,t) + /01 @@(tm,t)dx

=Y falt)Pu(s.t) +/0 @ (Z fn(t)Pn(tx,t)> dzx

n=1
3 ' y(as)
=0 (Ao [ ).
n=1 0
The conclusion now follows from Proposition 0l O

2.5. Some facts about power sums. In this subsection we collect some facts for
use in the sequel concerning sums of powers of odd integers.
The Bernoulli numbers are the rational numbers B,,, n = 0,1,..., defined by
the exponential generating function:
t i Bn
et —1 n!

n=0

The Fuler-Maclaurin polynomials are defined by

k

Bi (K jirs

Pr(®) _Zk+1—i<i>xk+1 ’
=0

and their associated exponential generating function is given by
ext _ 6t

et —1°

G(z,t) = Zpk(x)y =
k=0
Using this generating function, it is easy to deduce (see [12]) the well known Fuler-
Maclaurin formula:
pe(n)=1% + 28 + ... + (n—-1*  n=1,2....
Define polynomials
uk(e) = pu(20) — Pppe), K =0,1,....

Then for each positive integer n, the Euler-Maclaurin formula yields the formula

(2.31) ug(n) =1F + 3% + 5% 4+ ... + (2n - 1)~
The exponential generating function H(z,t) = > p uk(z)tk /k! is given by
sinh(xt)
H(z,t) = G(2z,t)—G(z,2t) = "' ——.
@1) = Grn-Cle2) =S
Note that
= t2k 1 sinh(2xt)
—— = S(H(z,t)+ H(z,—1) = ———=
kz:%uzk(x)(%)! 5(H(z,t) + H(x,—t)) 2einh()
from which it follows that
k» .
4JD2k_2j 2k 2711
2.32 =) ——= i+
(2:32) uak(w) = 3 2j +1 (2j o

=0
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where the rational numbers D,, are given by the exponential generating function:

t =D 1 7
2.33 N D ey
(2.33) Smh(?) P 5" 360

n=0

2.6. Proof of Conjecture for d = 1. Let d;; be the Kronecker symbol, i.e.,
P 1 if i =j,
Y10 ifd £ g
For m > 1, define the power series W, (s,t) by
(2.34) Wi (s, t) =
o0 n k
C Omns
S (Y ¥ R ),
n=1 \k=1 ny+etng=n Hj:l bn, Hj:l (nj +mnjq1)

The power series W, (s,t) arises from an integral equation of the type (Z3) as
follows. Define the power series p(s; A), where A is a complex parameter, by

o0

psiA) = S (L4 Amn) e = A(s) + A,
et bn, bm,
and let W, (s, t; A) be the solution to the integral equation
1
P A
(2.35) Win(s,t; \) —l—/ %Wm(m,t; Ndz = p(s; N).
0

By &4), W,.(s,t; \) is given by the power series:
(2.36) Wiy (s, ;) =

[ £ (1 4+ Adyn,
> <Z(—1)k1 > Lo ) ) s"lt””l) .

k k—1
n=1 \k=1 ni+-+np=n Hj:l bn, Hj:l (nj + njt1

Note that p(s;0) = ~(s), so that the substitution of A = 0 into (Z3H)) yields the
equation ([226), and thus by Proposition we have that W,,,(s,t;0) = pu(s — t)s.
From the power series (230) we observe that

d
EWm(s,t,)\) T Wi (s, t).
Differentiating the equation (Z3H) at A = 0 yields
1 1 .m m
(2.37)  Win(s,t) + / V@) (1) + / S eyt t)dr =
0 x 0 bm bm

where ®g(s,t) = Wyu(s,t;0) = u(s — t)s. By (226) and Proposition 2.8, the
expression

1 m—1
— 1
/ ’ D (tz, t)dr + —
O b

m bm
pm D (1)
is the coefficient of s™ in p(s — t)s, which by Taylor’s theorem is ﬁ, and
m—1)!
so ([Z31) is equivalent to
/J/(m_l)(_t) m

(2.38) Wi (s,t) —l—/l MWm(ﬁat:,ﬁ)claz: = ( ol s
0 m—1)!
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The solution to (Z38]) is given by the next result, which follows from Proposition
211

Proposition 2.12.

ptm=(=t)
me(s,t). O

Consequently, using Proposition 2210} we draw the following conclusion.

Corollary 2.13.

Wi(s, t) =

Win(t,t) = 4™m ™ (Mm—l)(—t))Q. O

Define the power series ®1(s,t; z), where z is a complex variable, by

) n Zk 1sz
D o 3 e S = e
n=1 J ]+1)

k=1 ni+-+ng=n Hj:l bng Hj:l(
Observe from ([2.34) that, for m > 1,

L7{7(1)1(8’75;2)&': Win(s,t)

21 zmtl

(contour integral over the unit circle), and thus
(2.39) (s,t;2) Z Win(s,t)z

Define polynomials ¥,,(z) by

B n n 2k (2n—1)!
240 Wle) = S0

k=1

, n=12,....

Proposition 2.14.

’ﬂ

1(t,t; 2) i\lln

n=1

Proof. By (239) and Corollary [

2
Lt 15 2) Z Wn(t, 1)z Z 4mmtm( “”‘”(—t)) 2,
Using Identity [A.4],

¢
(k+m—1N({L—-k+m—-1) 1 2m + 24
> gy

2.41 =
(241) B b (= K) by A2 (2m+ O\ m+ ¢

k=0
we have that

(M(m—l)(_t)>2 _ (Z (k]:;ZZ:mU!(_l)ktk)

k=0
0 L
_ (k+m—-D!'(t—k+m-1!\ .,

B i 1 2m + 2/ (1)
N 42m+0 (2m + O\ m + £ ’
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and thus

Byt tz) — 1 <2m + 2/

m—+ £

2. (;: M = mz; ntm)! (T) (_Un_m) "
)\

)yt

Il
(]2
3
—~
N
SN~—
S|
3|:

n=1
O
Corollary 2.15. Form >0 andn > 1,
k m
ICUSIDS o
k=1 N1t Fng=n H] 1 bn, Hg 1("] +nj41)
Z k+”2kjm+1(2n — 1)
" b, (n+k)!n-kK!
Proof. By Proposimonm
n k .
DI D S )
k k—1 - :
k=1 ni+-+ng=n Hj=1 b"j Hj=1 (nj + anrl) b
Making the substitution z = e¥ and then taking the m-th derivative at y = 0 of
the resulting equation yields the conclusion of the corollary. O

Proposition 2.16. Forn > 1,

of 20\ O if 1 <p<mn,
22 )k ( k) { (=1)"(2n)! if p=n.

Proof. By the binomial theorem,

(~1)"a " (1 —2)™" = (2;;) + ) (-1 (nZ_"k) (a* +27").

k=1
Making the substitution x = e¥, we obtain that

(2.42) (—1)Pe ™ (1 — e¥)2" = (2:) + 22(—1% <n2_" k) cosh(ky).

Since e (1—e¥)?" = y*"+o(y?" 1), the 2p-th derivative of the left side of (2.42) at
y = 0 equals 0 for 0 < p < n and equals (—1)"(2n)! for p = n. For p > 1, the 2p-th
derivative of the right side of (2.42) at y = 0 equals 2>_;_ (—1)Fk?P (nQ_"k). O

Combining Corollary [2.15] and Proposition 2.16] yields the next proposition.
Proposition 2.17. Forn > 1,

n k 2p—1
Z(_l)k—l Z Z] 1"
k=1

ni+-+np=n H] 1an H] 1(n]+nj+1)

{O if 1 <p<n,
= —n(2n—1 .
4"( n ) ifp=n. O
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The following theorem verifies Conjecture [[T6]in the case d = 1.

Theorem 2.18. Forn > 1,

42 Ly ];?:1 Z%ll(% — 1)
N4 tnp=n Hj:l bn, Hj:l (nj +mj41)
0 ifl<p<n-—1,

{%(27?12) fp=n—1

Proof. For n > 1 and m > 0 define

n k nm
gmm) =3 () Y =l

T .
k=1 nitetng=n Hj:l bnj Hj:l (nj +mnj41)

By 231)) and (Z32), Z?il(% —1)% = ug,(n;), where

p
47 Doy, _oj (2p i
Ugp () = E 72j—|ljlj (2j 2+l
j=0

and the rational numbers D; are given by (233). Thus

n (20— 1)
Z(—l)kil Z Zj_ ZE- ( )

k F—1
k=1 ni4-+ng=n Hj:1 bn, Hj:l(nj +njt1)
43D2p 25
= n,25+1
JEZ 11 \2) P)g(n,2j +1).

By Proposition 217} g(n,2j+1) =0if0 < j <n—1and g(n,2n—1) = 4_"(2"71).

n

Thus the right side of the above identity is equal to 0 if 1 < p < n — 1 and is equal
to

g1 g1 om—1\ 1 (2n-2
o —1) = 4" - —
n—pdm =1 <2n—1> < n ) 4n(n—1>

ifp=n-—1. O

Proposition verifies the following conjecture in the case d = 1.

Conjecture 2.19. Forn > 1 and my,... ,mgq > 0,

n Hz Z n2mi+1
ICHSEDS (Za”)
k=1 nit+ng=n Hj:l bn, Hj:l (nj +njy1)
~J o if Z‘Z:lmg<n—1,
nd= 247 Ty () @me+ 1) if Yyyme=n—1. O

Remark 2.20. It is not difficult to see that Conjecture ZZT9implies Conjecture [[TGl
In fact, the two conjectures are equivalent.
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3. TorPoLOGICAL CONSEQUENCES

In this section, we indicate two topological consequences of the previous results.
These corollaries are independent of Conjectures [[L91 and [LT6 The first result is
an immediate consequence of Theorem [2.18 The only additional fact one needs is
that the Conway polynomial of a fibered knot of genus g is a polynomial in 22 of
degree g.

Corollary 3.1. Let K C N be a fibered knot with Conway polynomial
VK(Z) =Cp+ 0222 -+ - CQgZQg

and let Gg = m (N \ 7(K)) denote the knot group and ¢ € G the element repre-
sented by the longitude of K. If Ca, is the first nonzero coefficient of Vi (z) with
n > 1, then

1 2n n—
Mt1w(K) = 1 ( N ) ConCH 1.

If N is a rational homology 3-sphere, then Cy # 0, and it follows that there exists
an irreducible representation p : Gxg — SU(n + 1) such that p() = w.

Remark 3.2. Our computation of the universal polynomials and the hypotheses
above imply that Ay, . (K) = 0 for 2 < m < n. Theorem 1.7 of [§] states that, for
N a rational homology sphere, A, ,(K) # 0 for some 2 < m < g+ 1. Corollary Bl
identifies the first nonvanishing invariant and shows that it can be easily computed
from the Conway polynomial of K.

To put our results into perspective, it is helpful to further compare them to the
results in [8]. Theorem 1.7 of [§] can also be deduced from Corollary [3.] since
Cyy, # 0 for some n with 1 < n < g. Moreover, using the notation of [8], Theorem
shows that the coefficient of xg_Qa:gn_g in pp is 1/n!(n —1)!. Proposition
13.3 (b) of [8] claims correctly that this coefficient is nonzero, but the proof of 13.3
(b) incorrectly asserts that r» = r(n) — 71, i.e. that r; = 0, and direct computation
shows that this is not true. Theorem [ZI§ should be viewed as filling the gap in
Proposition 13.3 (b), which is important because Theorems 1.6 and 1.7 of [8] depend
on 13.3 (b) in an essential way.

Next, we consider the situation where N is not a rational homology sphere. In
this case, we can determine the invariants A, for all n from Theorem [2.5]

Corollary 3.3. If K C N is a fibered knot and H1(N;Q) # 0, then the Conway
polynomial has the form Vi (z) = Ca22 4 - -+ Cay2%9. In particular, since Co =0,
it follows that A, ,(K) = C5~ 1.

APPENDIX A. IDENTITIES

In this appendix, we collect a number of combinatorial identities upon which
some of our previous results depend. For the most part, the proofs are elementary
applications of the residue theorem and are included for the reader’s convenience.

Identity A.1. For i,j,q > 0,
J . . .
1 —g—1 .
£ or() ) ()
vt i—1 k—q—1 j

Remark A.2. This is true for i + ¢ < j provided (Z) is defined to be 0 when n < /.
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Identity A.3. For n > ¢ >0,
—q—1
- N\ /2n—k—q—2
PONCHAS ) -
k n—1
k=
Identity A.4. For k,m > 0,
ze: 2m + 20\ (0N [2m +2¢
po m+k k) \m+¢ )
Identity A.5. For i >0 and j > q >0,

() ()

l=q

n

(e}

[}

Identity A.6. Set £, = 1% (2")2. Then

n

j—

q;l)(—l)j” (j ; 1) (Z j q) (Birg = Bitgr1) = %};ﬂﬂiﬂj.

Proofs. All but the last identity are exhibited using the method of residues [7].
Recall that for a meromorphic function f(z), its residue at infinity is defined as

Res f(2) = —Res f(1)/2%.

In particular, if f(z) = p(z)/q(z) is a rational function, where p(z) and ¢(z) are
polynomials with deg ¢ > deg p+2, then one can easily verify that Res,— f(z) = 0.

Proof of Identity[A1l Assume i,j,q > 0. Substituting Res,—o (1 +2)"/z**! for
(2), summing the resulting geometric series, and applying the residue theorem to
the incident rational function, we have

S e (T ()

k=q+

J i+k—1 i—g—1
(1—2)™ (1 +y)e
Res > Rt yE—a
k=q+1
L (1 — )Rl (L)
z=0 y=0 karl yqu

1—2) (1 J—q—-1
= ResRes ( - x) (L+y)
=0 y=0 m]‘f‘lyJ_Q(l —xr — q;y)

(=) (1 gy
s ——
=0 y—[1=z2] xItlyi—a(1 —z — zy)

esmz(_nj(ifq).

- =0 xj‘i’l ]

8
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Proof of Identity[A.3. Assume n > ¢ > 0 and argue as before. We get

nfl(—l)k (2n —nk;_—lq — 2) (n ; 1>

k=0

—q— 1_xn1(1+y)2nqk2
:e y=0 Z rkt+1 yn

1— n— 11 n—1
= Res Res ( x) (1+y) =1.
20 p=b = y™(1 — x — zy)

([l
Proof of Identity[A7] Assume k,m > 0. Then
¢ ¢
2m + 20\ (¢ (14 )2+ (1 4 y)*
SCnn00) = ey SRR
1 am+e(q 2m + 24
= ResReS( —l—m) (1+y)" me .
220 y=0 gl TmlylFi(] — :cy) m+ £
([l

Proof of Identity[A.3 By reindexing, Identity [A.5]is easily seen to be equivalent to
12 —q—1\ & 2 —k—q-2\[ i+j \[i+k
() E ()
j—1 = j—1 ji—k-—1 k
We prove the above formula by making use of Identity [A-3] First, notice that

fl(—1)k 2 —k—q—2 i+ i+k
— j-1 j—k—1)\ &k

j—q—1 (1 +x)23 k—q—2 (1 +y)z+] (1 _ Z)i—i—k
z:g Z xJ yl+k+2 2k+1

J

k=—o0
(L+a) (1 +y) (1 —2)*e
0 y=0 Z=g J’,‘jyi"l‘j_Q‘i‘lzj_(I(l — Yz — Yz — Z)

1 i+j 1— i+j—q —(1 j—1
= ResRes (1+ y) - ( z) Res - (1+2)
y=0 2=0 yiti—atlzi—q o=[1==-1] (1 —axyz —yz — 2)

1 i+J (1 — z)it+25—g—1
= ResRes ( ‘—|—‘y) ( 2) -,
y=0 z=0 leF]*qul Z]*Q(]_ — 2z — yz)]

Using the binomial theorem and the equation: W =3, ("Zm) w™, where
w = z(1+y), we find that

(1 _ Z)i+2j—q—1

(I—2—yz)
i+2j—q—1 oo . . .
S (_1)Z<z+2jeq 1)(%;71 1>(1+y)mzé+m.
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Hence

(1 _ )i+2ij71

Res .
50 - U1 — z—yz)
a-

1

i— ) . .
_ (_1)£(Z+2j€ q 1> <2j q /¢ 2)(1+y)jq£1.
£=0

j—1

Inserting this into equation ((A2]), we see that that expression equals

1)[<i+2j—q—1)<2j—g—€—2><i+2?'—g—€—1)
14 j—1 1+Jj—q
::C+Qj—q—1>j§:1 (J—q—f 2)<j—q—1)
ji—1 = j—q—1 14
B <i+2j—q—1>
7j—1

This used the equation

j—q—1

> (
£=0

quzl (j—q—l)(Zj—q—€—2)_1
et J—q-1
which is a reformulation of Identity [A3] O

Proof of Identity[AA For notational convenience, set
j—1
. i—1\/[i+gq
Bij = Z(_l)]Jrq( ) ( ) (Bi+q = Birq+1) -
=0 q J

The proof proceeds by induction on ¢ > 0. Using the relation

(AQ) TL(TL + 1)(671 - ﬂnJrl) = ﬂlﬂna

which is easily verified, it is not difficult to establish Identity [A.6lfor i = 1 and for
all 7 > 0. This gets the induction started.
To prove the inductive step, we use the formula

(A3) (’L — 1)B (’L — j — 1)Bi—1,j + (j + 1)Bi—1,j+1;

which is valid for ¢ > 1 and j > 0. We first show that equation (A.3)) and the
inductive hypothesis imply Identity [A.6l and afterwards we will prove equation
([A3). Fix ¢ > 1 and assume that B;_1 = (i — 1)! (k — 1)!8;_18k/(i + k — 1)! for
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all k > 0. Inserting this into the right hand side of equation (A.3)), we find that

(-G -1

(z’—l)Bi,j—(z'—j—1)< 7D

> Bi—15;

. (i— 1)

+G+1) <W) Bi—1Bj+1
i)
=+ —7—=1)8; + (G + 1)Bj41] ] Bi-1

(A.4) =[G+ d— )+ (P 4+ D)5 (%ﬁ;”') B

i— 1) (5—1)
- () ¢ s

=D (=1 . .

This uses the relation
(n*+n+3)Bn = n(n+1)Bni1,

which follows directly from equation (A2). It is applied twice to the equation
above; once to the term in the brackets in the second line with n = j, and again to
the fourth line with n = i — 1. Now Identity [A.6lis a direct consequence of equation
([AX) and induction, and it only remains to prove equation (A3). Since this fact
makes no reference to the special properties of the (;’s, we will prove a slightly
more general version of equation ([A3).

With this in mind, define polynomials (cf. the formula for B; ; given at the end
of the proof of Lemma [277)) by setting

and consider the analog of equation (A3]) given by
(A5) (t=1)Bi;(x) = (i —j—1)Bi1;(x) + (G + DBi-1j11(2).

It is clear that this assertion implies equation (A.3). Writing

By = S § ; N 1)30”"1,

q=0

J
+q- g
B 1. — 1)J+at+l i pita—1
i—1,j+1(7) Eﬁ (=1 q j+1 )
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and equating coefficients of 29!, we see that equation (A.H) follows from the
collection of equations, valid for ¢ > 0 :

The last step uses the relation j(gj) =q(

V2

V3

vy

Vs

Vg

V7

g

Vg

e () ) saen (1)
(25 foeon () rsa-i-n()
(o) s [0~ 0] ()
() im0 o)

() ) -

q
(T

J
q

), and this completes the proof. O

APPENDIX B. TABLE OF v, FOR 2 <n <10

Y2
2 2
Yoya + Ys

2 3

dYoYe + TYoY2ya + Y5

14y3ys + 262y2y6 + 11y2y2 + 16y0y3ys + v

42 4 3 2 2 2 3 5
Yoy1o + Yo (98y2ys + 78yays) + Yo (82y2y6 + 68y2y1) + 30y0y5ya + Yo

1329512 + v (372y2y10 + 288yays + 13492) + i (398y2ys + 620y2y4y6)
+ 86y3y3 + 42(20203y + 247y2y2) + 50yoyiys + ¥S

429ySy14 + yo (1419yy19 4+ 1083y4y10 + 971yeys) + 1857y5yay10
+ Yo (2818y2y4ys + 130592y + 1097y3ys) + v (1223y3ys + 2805y5y4y6)
+ T6Tydy2ys + Yo (42Tysys + 686y3y3) + TTyoysys + s

1430y5y16 + 45 (5434yoy14 + 4114y4y10 + 3610ysy10 + 173532)

+ Y0 (8426y311212628yoyay10 + 11256y2y6ys + 4776y3ys)

+ 95 (6862y5y10 + 15346y3y4ys + T079y3yz 4+ 11756y2y3ys + 80Ty;)
+ 4418yayayZ + v (3148yays + 9472y3yays + 3836y2y5)

+ y5(812y5ys + 1610y3y3) + 112y0ySya + 5
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vio = 4862y5y1s + yo(12778ysy10 + 13618y6y12 + 20878yay16 + 15730y4y14)

+ Y5 (37466y3y14 + 55792yayay2 + 48664y2ysy10 + 23352y2y3)
+ y8(20810y2y10 + 37012y4yeys + 5714y3)

+ yg 36454y§y12 + 80622y§y4y10)

+ Y5 (71510y3y6ys + 60038y2y3ys + 55346yayaye + 153503 y6)
+ y2(20876yy10 + 6128413y4ys + 28178y3y2 + 69420y2y>yc)
+ Yo (7152y5ys + 26520y5yays + 14160y5y5 + 9425y2y4)

+ y2(1428ySys + 3360y3y2) + 156y0yays + ¥

o~ o~ o~~~ =
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